Solutions to short-answer questions

1 a aisparalleltobif a = kb, where k is a constant.
Ti+ 67 = k(22 + z3)

2k =17
k= L
2
kxr =6
Tz _
> =
12
T=—
7
b la| = /7> +6
= /85
b= 2% +
= |a| = /85
2+ 4-=85
2 = 81
r =49
2
/B /C
A D
A=(2,-1)

— — —
OB=0A+ AB
— 5i+3j
B=(5,3)

— — —
AC = AB + BC

— —
=AB+ AD
—1+93
— — —
0OC =0A+ AC
=2t —3+1+93
=3t + 83
C = (3,8)
— — —
OD=0A+ AD
= 45
D = (0,4)

3 a+pbtge=02+2p—q)i+(-3—-4p—4q)j+(1+5p+29)k
To be parallel to the z-axis,
a+pb+ge=ki
1+5p+2g=20
2+10p+49=0 ()
—3-4p—4g=0 @
D +0:

—1+6p=0



p:
5
1+=-+2¢g=0
11
2= ——
9 6
_u
1= 719
% - -
4a PQ=(3i—7j+12k) — (2i — 2j + 4k)
—i_5j4+8k
—
IPQ| = /12 + 5% + &2
— /90 = 3,10
1 i_s5j+sk)
3,10 J
_5.
5 AB-— 41183+ 16k
—

AC =zt + 125 + 24k
For A, B and C to be collinear, we need

— —
AC = EAB.
zi + 125 + 24k = k(41 + 835 + 16k)
8k =12
E=1.5
r =4k
— 6

_};
6a O0A=+42+3°
=5

1. .. -
Unit vector = 5(41 + 33)

— —
b OC— ?OA
16

:?x%(-ii—l—Sj)
16 . ]
= —(4 3
55 (42 +37)
_}.
7ai SQ=b+a=a+b
- 1 =
ii TQ:ESQ
1
= 2(a+b)
Y
i RQ=-2a+bt+a=-b—-a
ﬁ
PT

iv



— — —
v TR=TQ+QR

-
~TQ - RQ
— ~(a+b) - (b—a)

= | =

— —(4a — 2b)

[ ]

— Z(2a —b)

%]

- =
b 2PT=TR
P,T and R are collinear.

8 a=0>0

i  —s3=2j
§=-2

ii bSi=te

iii 2k =uk

Use the cosine rule
p+q®=72+122 2 x7x12 x cos60°
=109
lp +g| = V109

M0a a+2b=(51+27+k)+2x(32—-27+k)
=117 — 2§+ 3k

b |a|= V5r 422412
=+/30

1
v 30

d a-b=(5t+2j+k)—(3i—27+k)
=21+ 43

c a= (52 + 25 + k)

— — —
11a 0OC=0A4-0B
= (3i + 45) — (4§ — 67)



— —i 4105

C = (~1,10)
b i+ 245 = h(3i + 47) + k(4i — 67)
3ht 4k =1
4h — 6k = 24

Multiply the first equation by 3 and the second equation by 2.

Oh + 12k =3 )
8h — 12k =48 Q)
U+9:
17h = 51
h=3
9+4k=1
k= —2

12 mp+ ng = 3mi + Tmj + 2nt — 5nj
=8i+9j5
3m+2n =28
™ —5n=29
Multiply the first equation by 5 and the second equation by 2.
15m+10n=40 ()

14m —10n =18 @

D+@:
20m = 58
m=2

13a

b AB=b-a

AB:BC =3:2
AB 3
BC ~ 2
2AB = 3BC

2(b—a) =3(c—Db)

2b—2a =3c—-3b

5b = 2a + 3¢

2 3
b=—-a+ —-c
5 +5



14 Let\bmite = 2\bmiti — 3\bmitj, \bmith = —\bmiti + 3\bmitj and \bmite = —2\bmiti — 2\bmit;j
a \bmita - \bmita = 13
b \bmitb-\bmith =10
¢ \bmite- \bmitc =8
d \bmita - \bmitb = —11
e \bmita - (\bmitb + \bmite) = (2\bmiti — 3\ bmitj) - (—3\bmiti + \bmitj) = —9

f  (\bmita + \bmitbh) - (\bmita + \bmitc) = \bmita - \bmita + \bmita - \bmite + \bmitb - \bmita + \bmith - \bmite
=13+2-11-4
=0



g \bmita + 2\bmith = 3\bmitj
3\bmitc — \bmitb = —5\bmiti — 9" bmitj
. (\bmita + 2\bmitb) - (3 bmitc — \bmitb) = —27
—
15 OA = \bmita = 4\bmiti 4 \bmitj
—
OB = \bmitbh = 3\bmiti + 5\bmitj
—
OC = \bmite = —5\bmiti + 3\ bmitj
—

- =
AB = A0+ OB
= —4\bmiti — \bmitj 4+ 3\ bmité + 5\ bmitj
= —\bmité 4+ 4'\bmitj
T
BC = BO + 0C

—3\bmiti — 5\bmitj — 5\bmiti + 3\bmit;j
= —8\bmiti — 2\bmitj

-
AB-BC =8-8=0.

Hence there is a right angle at B.

16 ‘\bmitp = 5\bmiti + 3\ bmitj and \bmitg = 2\ bmiti + ¢\ bmitj

a |If \bmitp + \bmitq is parallel to \ bmitp + \ bmitg there exists a non-zeo real number k such that.
k(\bmitp + \bmitg) = \bmitp — \ bmitg.

That is,
k(7\bmiti + (3 + ¢)\bmitj = 3\bmiti + (3 — ¢)\ bmitj.
Hence
Tk=3
PR
7

k(3 +1t) = (3—t)

233+t =T7(3-1¢)

L9+ 3t=21 Tt
10t = 12

t=—
5

b  \bmitp — 2\bmitg = 5\bmiti + 3"\ bmitj — 2(2'bmiti 4 ¢\ bmity)
= \bmiti + (3 — 2¢)\bmitj
\bmitp + 2\ bmitq = 5\ bmiti + 3\ bmitj + 2(2\bmiti + ¢\ bmitj)
— 9\bmiti + (3 + 2¢)\bmitj
Since the vectors are perpendicular
(\bmiti 4 (3 — 2¢)\bmitj) - (9\bmiti + (3 + 2¢)\ bmitj) = 0
9+ (3—-2t)(3+2t)=0
94+ (9—4t2)=0

4% — 18
2?2

2
3



c |\ bmitp — \bmitg| = |3\ bmiti 4 (3 — ¢)\ bmitj]

=1/9+ (3 —1t)?

|\ bmitg| = |2\ bmiti 4 ¢\ bmitj]|

- VITE
If |\ bmitp — \bmitg| = |\ bmitg|
then 9 + (3 — )2 = 4 ¢
9496t 82 =444
14 —-6t=0

t=—
3

—
17 OA =\ bmita = 2\bmiti + 2\ bmitj
—
OB = \bmith = \bmiti + 2\ bmitj
—
OC = \bmita = 2\bmiti — 3"\ bmitj

—
ai AB= —\bmita+ \bmith= —\bmiti

—
ii AC = —\bmita + \bmitc = —5'\bmitj

b
AB-AC —
The vector resolute = — AC
AC - AC
=0
c 1

Solutions to multiple-choice questions
v e[
5—-1 4
a=2b=4

- = =

2 C CB=CA+ AB
- =

= -AC + AB

=u—-—v



5 B
/Q /R
P S
- =

A

C

C

_)
SQ = SR+ RQ
. o
=PQ+-QR
=p—q
|32 — 53] = 1.f32 +(-5)°
=/9+25
— /3
— — —*
AB=-0A+ OB
= (i - 2j) — (2i + 34)
= —i—5j
_} . -
|AB| = | — 1 — 5]
= /(=12 + (-5)?
=V1+25
= /26
|(;|.|:«y.:’2'2—|—3g
= /13
G — ——(2 +3j)
= v"ﬁ ¥
|a|:1f‘32+12+32
— /19
X 1 :
a=—>(-31+3+3k
v’ﬁ( J + 3k)

Solutions to extended-response questions

1 [[1]] is in the east direction and [2] in the north direction.

_}
OP = —32 [0] 31 H
1 0
B {—31]
C1-32
The ship is travelling parallel to the vector w = [ﬂ with speed 20 km /h.

. . . . 1[4
The unit vector in the direction of u is B [3] )

_}
The vector PR = % [:]

at

The position vector ofthe ship is



— - —
OR=0P+ PR

=)t s |
-]
- [3]

_>
¢ |OR|=5+/3"+14
=25
When the ship reaches R, it is 25 km from the lighthouse, and therefore the lighthouse is visible from the ship.

2 p=3i+tjandg=—-21+43

a - lp—ql=|3i+j—(~2i+4j)
— |5 — 3]
=+v25+9
Ty

b lp| =vO+1
=10
and |q| = V4 + 16
— 925
o lpl =gl = vI0 - 2/5

€ 3i+3+2(—2t+45)+r=0

Ji+7—42+8+r=0

—t+93+7r=0
Hencer =2 —93

-2 117 7 26
3 a-= b=1|71],e=19| andd = |12
[ 3 7 2
a a+2b—c=kd

-2 (117 7] 26

1 (+2|7|—-19|=Fk]|12

[ 3 7] 2

137 26

6 | =k |12

1 2

Therefore k = % andae +2b—ec= %d

b ra+yb=4d
—2 11 26
x| 1 |ty T =112
2 3 2
The following equations are formed:
—2z 4 11y = 26 .0
T+ Ty =12 )

2z + 3y = 2 ...



Add () and §)

14y = 28
Sy=2
Substitute in @)

2r4+6=2
Lr= -2

Equation @ must be checked
—2+14=12
Therefore —2a + 2b = d.

pa+gb—re=20
From partsaand b

a+2b—c:%d

® &

—2a+2b=d
From@ 2a +4b—2¢=d

Therefore from @)

—2a +2b=2a + 4b — 2¢
Sda+2b—2e¢=0

Hencep = 4,q = 2 and r = 2. (Other answers are possiblee.g. p=2,q=1,r = —1)
— - =
0Q = OP+ PQ

|5 20

-[a]+[ %)

_[25

-]

The coordinates of @ are (25, —7).

— — —
QR = QO + OR

-7+ L
B [27;]

—
RS =QP

~[-20

L 15

— —

OS5 =0R+ RS

32 N —20

|17 15

B '12]

132
Hence the coordinates of S are (12, 32).
—
OP =14 m

'

The coordinates of P are (12,4).



e
PM = PO+ OM

-[75]+ (]
-]

_?
0P| = /127 + 42
= /160
= 410
_}
Now |OM]| = k

— —
and, from part b, PM = [k 12]

- |PM]| = V(e —12)2 +16
For triangle OPM to be right-angled at P, Pythagoras' theorem has to be satisfied.
. Am2 . D2 A2
ie. |OP|" + |PM|" = |OM|
- 160 + (k—12)2 +16 = k2
. 160 4+ k? — 24k + 160 = k°

s 24k = 320
S 3k=40
k=X
3

If M has coordinates (9, 0) then,
if Z/OPX = a°, tana” =3

3
andif /MPX = 8°,tan 8° = 1
oo Anglef=a —p

- a3
= tan1(3) — tan 1(1)

= 34.7°, correct to one decimal place



